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SUMMARY

A computational method, incorporating the finite element model (FEM) into data assimilation using the
particle filter, is presented for identifying elasto-plastic material properties based on sequential measure-
ments under the known changing traction boundary conditions to overcome some difficulties in identifying
the parameters for elasto-plastic problems from which the existing inverse analysis strategies have suffered.
A soil–water coupled problem, which uses the elasto-plastic constitutive model, is dealt with as the geotech-
nical application. Measured data on the settlement and the pore pressure are obtained from a synthetic FEM
computation as the forward problem under the known parameters to be identified for both the element tests
and the ground behavior during the embankment construction sequence. Parameter identification for elasto-
plastic problems, such as soil behavior, should be made by considering the measurements of deformation
and/or pore pressure step by step from the initial stage of construction and throughout the deformation
history under the changing traction boundary conditions because of the embankment or the excavation
because the ground behavior is highly dependent on the loading history. Thus, it appears that sequential data
assimilation techniques, such as the particle filter, are the preferable tools that can provide estimates of the
state variables, that is, deformation, pore pressure, and unknown parameters, for the constitutive model in
geotechnical practice. The present paper discusses the priority of the particle filter in its application to
initial/boundary value problems for elasto-plastic materials and demonstrates a couple of numerical
examples. Copyright © 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

It is common practice in geotechnical engineering to utilize numerical simulations based on the soil–
water coupled finite element model (FEM) with a sophisticated constitutive model for elasto-plastic
materials to obtain prior predictions of the behavior of soil structures and their foundations at the
design stage. During the construction stage, on the other hand, observational programs are set up to
evaluate the design assumptions and the current construction conditions under such numerical
predictions for accuracy in future performances.

However, discrepancies are often found between the numerical predictions and the corresponding
field measurements in terms of deformation and pore pressure. This is due to the uncertainty of the
initial and the boundary conditions of the governing partial differential equation and/or the
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parameters of the elasto-plastic constitutive model, which should be assessed from site investigations
and based on the results of laboratory tests conducted prior to construction. Inverse analyses have
been applied to performance observations in engineering practice to modify such uncertain
conditions and parameters for bridging the gap between observations and predictions [1, 2] and for
giving feedback regarding the re-evaluation of the numerical simulations for subsequent construction
sequences as a quantifiable observational method. Several numerical strategies for inverse problems
have been proposed in various fields of engineering over the last few decades, and some have been
applied to geotechnical problems, as described in Refs. [3–8] and recently in Refs. [9–12], and
references therein.

The present paper focuses on the identification of the initial conditions and the parameters within the
elasto-plastic constitutive model based on field measurements for geotechnical applications. Inverse
problems in linear elasticity have been successfully solved by both analytical and numerical means.
On the other hand, there still remain some difficulties in identifying the elasto-plastic parameters
[13] because for elasto-plastic material, the current deformation does not have one-to-one
correspondence with the stress state at the same moment but depends on the loading path from the
initial stage to the current stage. Then, the observation of the deformation, along with full
knowledge of the loading history, is necessary for the parameter identification of the elasto-plastic
constitutive model. Related literature has tried to identify the parameters, such as Young’s modulus,
the friction angle, the coefficient of earth pressure at rest, poroelastic parameters and so on, based on
the minimization of the objective function, by means of the gradient method, GA and a sensitivity
analysis. However, none of them considered the deformation associated with the loading history
from the initial stage up to the current stage for the identification of the plastic parameters.
Sequential data assimilation techniques, such as the PF, are applicable to this type of inverse
problem because the time evolution of state variables, that is, displacement and pore pressure for
geotechnics, under the controlled input, like the external loading, is incorporated into the system
equation in a rational manner without any limitations. The PF can easily deal with nonlinear state
equations and is robust when employing the Monte Carlo method in conjunction with a numerical
simulation, for example, the soil–water-coupled finite element analysis with the elasto-plastic model.
Saturated soil is treated as an elasto-plastic material and its behavior relies on the parameters of an
elasto-plastic constitutive model, the initial stress, and the stress paths up to the current stress state,
because of the different patterns of loading history, whereas the deformation of an elastic material is
independent of such factors. From the viewpoint of an inverse analysis, the unknown parameters of
an elasto-plastic material can hardly be identified without knowledge of the loading history, whereas
those of an elastic material can be identified by the deformation and the stress state at the current stage.

Let us show an example [14]. Consider the synthetic behavior of a saturated soil deposit through a
soil–water coupled FEM model, which follows an elasto-plastic constitutive equation under different
embankment and excavation loading histories, as seen in Figure 1. Four different loading and
excavation histories are listed under the material parameters, and a different set of initial stress
parameters, for example, s0

V0 and K0, are adopted, as given in Table I. Figure 2 reveals that the
artificial settlements at the black circles, beneath the hypothetical embankment loading obtained
from the FEM computation, are dependent on either the different sequences of external action or a
different set of elasto-plastic and initial stress parameters listed in Table II. Then, the inverse
problem concerning the determination of the parameters for the elasto-plastic constitutive model
becomes ill posed in the uniqueness of the solutions based on the settlement of the soil deposit
unless we have knowledge of the embankment loading history. This is because we cannot
discriminate between two settlement curves under different loading histories from those because of
different parameters, even if the final shapes of the soil structure are the same.

To tackle the above-mentioned difficulty, a so-called ‘data assimilation’ (DA) is advantageous for
solving this type of inverse problem by conducting step-by-step observations and procuring full
knowledge of the loading history. DA is a concept used in geophysics that combines observations
with numerical models; it is one of the alternative remedies for improving predictions by adjusting
uncertain initial conditions and/or parameters by taking observations into consideration. There are
two types of DA strategies, the batch-type DA, for example, 4DVAR [15] and the sequential DA,
for example, the ensemble Kalman filter (EnKF) [16, 17] and the particle filter (PF) [18, 19]. The
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Figure 1. Hypothetical problem.

Table I. Material parameters for elasto-plastic analysis.

Λ= 1-k/l= 0.57, D = 0.53, M= 1.0, n= 0.33, K0 = 0.5, OCR=1,
k= 1.0� 10-5 (cm/sec), s0

V0 = 100kPa

where Λ is the irreversible ratio, l is the compression index, k is the swelling index, D is the dilatancy coefficient,
M is the stress ratio at the critical state, n is Poisson’s ratio, K0 is the coefficient of earth pressure at rest, OCR is the
overconsolidation ratio, k is the permeability, and s0

V0 is the initial vertical effective stress.

Table II. Different loading histories related to construction sequences.

Cases Construction sequences

#1 1) Embankment loading for 10 days at a rate of 5.88 kN/day; 2) Excavation for 9 days; 3) No external action
#2 1) Embankment loading for 1000days at a rate of 0.0588 kN/day; 2) Excavation for 9 days; 3) No external action
#3 1) Excavation for 9 days; 2) Embankment loading for 10 days at a rate of 5.88 kN/day; 3) No external action
#4 1) Excavation for 9 days; 2) Embankment loading for 1000days at a rate of 0.0588 kN/day; 3) No external action
#10 Same sequence as Case 1, except for a value of 150 kPa for s0

V0

#100 Same sequence as Case 1, except for a value of 0.6 for K0

All the excavation work was done at a rate of 0.33m/day.

DATA ASSIMILATION USING THE PARTICLE FILTER IN GEOMECHANICS
EnKF and the PF have been developed for strongly nonlinear problems as alternative data assimilation
strategies to the traditional Kalman filter [20], the extended Kalman filter, and the unscented Kalman filter,
which have been applied to inverse problems in geomechanics [21, 22] and in structural elasto-plasticity
[23, 24]. In the earliest studies, several attempts were made to adopt the EnKF and the PF for data
assimilation in civil engineering applications, for example, DA for transient flows in geologic formations
[25] and the identification of elastic constants in foundations under embankment loading [26] by the EnKF,
and a nonlinear structural dynamical system identification by the unscented Kalman filter [27] and the PF
[28–30]. Herein, the focus is placed on the sequential DA, in particular, the PF.

The PF is one of the Monte Carlo nonlinear filtering methods to maximize the Bayesian likelihood
and to provide the ‘sequential Bayesian estimation’ where noise in the PF does not correspond to a
measurement error but to the gap between the numerical simulation and the observation. This means
that the probability function of the parameters is approximated by samples and updated by Bayes’
rule with each observation, and as a consequence, we can obtain the prediction of the deformation,
which reflects all observations up to that time based on the time update scheme compared with an
ordinary Bayesian or a likelihood approach. The application of the PF reduces the noise in the
above sense and leads to a better prediction.
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
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Figure 2. Settlement under different loading histories or parameters.

A. MURAKAMI ET AL.
The PF is not an optimization tool or algorithm, like genetic algorithms and conjugated gradient
methods, but estimates the probability density function of parameter sets without objective
functions. The relationship between observations and direct calculations is given by the likelihood
function derived from the observation equation. That is, the PF can give not only the best parameter
value but also the realization probability of other parameter values, such as the second best and the
just-off best values for parameters. The PF does not need offline training as in artificial neural
networks. Instead of the repetition of training, the PF employs parallel numerical simulations called
‘particles’ that can be regarded as independent scenarios. The preciseness of the estimation and the
prediction is improved by increasing the number of particles. Also, the more observation data we
obtain, the more appropriate values for the parameters, which closely simulate the observation, can
be identified.

The purpose of this paper is to describe the priority of the PF in its application to initial and
boundary value problems for elasto-plastic materials and to demonstrate a couple of numerical
examples for both hypothetical and actual soil tests. If we adopt the initial stress parameters, which
affect the initial shape of the yield function in the stress space and are not easy to determine a priori
for practical problems, or the parameters of the elasto-plastic constitutive model, such as l and k, as
the unknowns to be identified, an alternative inverse analysis should be made by tracking the
loading history along the boundary. To accomplish this purpose, synthetic settlement observations
generated by the FEM simulation, based on the known elasto-plastic parameters, are analyzed to
examine the applicability of the proposed computational procedure. Hypothetical element tests and
the ground behavior under continuous embankment loading for a soft soil foundation are dealt with
to verify the applicability of the proposed procedure.

The rest of the paper is arranged as follows. Section 2 presents a brief description of the Cam-clay
mode for finite strain. Section 3 provides the computational procedure of the PF for geotechnical
applications. Numerical examples are presented in Section 4 for both hypothetical element tests and
ground behavior under continuous embankment loading to demonstrate the performance of the PF in
conjunction with the soil–water coupled FEM. Conclusions will follow in the last section.
2. CONSTITUTIVE MODEL FOR SOIL

2.1. Constitutive equation

Herein, we briefly describe the Cam-clay model for finite strain according to Ref. [31, 32]. It is firstly
assumed that stretching tensor D is divided into elastic and plastic components.
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
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D ¼ De þDp (1)

The total volume change of the soil skeleton is expressed with the above two terms, namely,

Z
0

t

JtrDdt ¼
Z

0

t

JtrDe dtþ
Z

0

t

JtrDp dt (2)

where J ¼ detF ¼ 1þe
1þe0

, F is the deformation gradient tensor, and 1 + e and 1 + e0 are the specific

volumes at current time t and reference time t= 0, respectively. The first term in the above equation
is written in the following form:
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where p0and p
0
0 are the mean effective stresses at the current and the reference states, respectively, and

~k is the swelling index.
The total volume change of the soil skeleton should be independent of the stress path, and it is a

function of only the initial and the current effective stresses. This is expressed as the sum of the
isotropic compression term and the one because of dilatancy:
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where ~l is the compression index, q is the second invariant of deviatoric stress, D is the dilatancy

parameter, D ¼ ~l�~k
Μð1þe0Þ, and M is the critical state parameter.

By subtracting Equation (1) from Equation (2), we have the following well-known Cam-clay yield
function:
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The rate type of constitutive equation for the Cam-clay model can be written as
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3. DATA ASSIMILATION FOR SOIL–WATER COUPLED PROBLEMS

3.1. System equation

The data assimilation technique [33, 34] has been considered in conjunction with the soil–water
coupled FEM to identify the elasto-plastic material properties of soil deposits. The following set of
system equations is assumed:

xk ¼ fk xk�1ð Þ þ vk (7a)

yk ¼ hk xkð Þ þ «k (7b)

Equation (7a) is the state equation or the system model, and Equation (7b) is the observation
equation. Vector xk, called the state vector, includes the state of a system, which is constituted by
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
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the displacement and the pore pressure for soil–water coupled problems at a discrete time t= tk (k= 1,. . .),
whereas vector yk, called the observation vector, indicates the measured quantity. A set of unknown
parameters, to be identified based on the measurements, is additionally incorporated into the state
vector. Vectors vk and «k denote system noise and observation noise, respectively, whose probabilistic
density function (PDF) follows the normal distribution with an average value of 0, namely,

vk � N 0; Qkð Þ (8a)

«k � N 0; Rkð Þ (8b)

where Qk and Rk are predetermined covariance matrices.
Operator fk represents the evolution of the states of displacement and pore pressure from time tk-1 to

time tk, according to the simulation model, that is, the FEM stiffness equation for soil–water coupled
problems. Nonlinear function hk describes the measured quantity. In many cases, it is written in
matrix form as

yk ¼ Hkxk þ «k (9)

where Hk is the observation matrix composed of zero or one component, if part of the state variables
are directly measured for the geotechnical construction sequence.

3.2. Ensemble approximation

Data assimilation strategies based on both the EnKF and the PF employ an ensemble approximation
technique where a PDF of stochastic variables is approximated with its realizations and weights.
Each realization is called a ‘particle’, and each set is called an ‘ensemble’. For example, the filtered
distribution at time t = tk-1, p(xk� 1|y1 : k� 1), where y1 : k� 1 denotes {y1, y2,⋯, yk� 1}, is approximated

with ensemble x
ð1Þ
k�1jk�1; x

ð2Þ
k�1jk�1;⋯; x

ðNÞ
k�1jk�1

n o
and weights wð1Þ

k�1; w
ð2Þ
k�1;⋯; wðNÞ

k�1

n o
by the

following equation:
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XN
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ðiÞ
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� �
(10)

where k-1 represents the index of current time, d is Dirac’s delta function, and N is the number of

particles in the ensemble. In the EnKF and in some kinds of PF (e.g., SIR), each weight wðiÞ
k�1 is set

to 1
N in all time steps; as a result, the weight set is omitted.

3.3. Prediction and filtering steps for PF and EnKF

3.3.1. Prediction step for both the EnKF and the PF. We obtain the ensemble approximation for the
predicted distribution p(xk|y1 : k� 1) at time t = tk from the filtered ensemble and weights at time t = tk-1
by the following calculation:

p xkjy1:k�1ð Þ ¼ R
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;

(11)

where v
ðiÞ
k

n oN

i¼1
is an i.i.d. (independent and identically distributed) sample set of Equation (8a). This

calculation means that each particle for the prediction ensemble, x
ðiÞ
kjk�1 , is generated via the state
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equation (Equation (7a)), that is, the stiffness equation for the soil–water coupled FEM appearing in the
previous chapter for geotechnical applications

x
ðiÞ
kjk�1 ¼ fk x

ðiÞ
k�1jk�1

� �
þ v

ðiÞ
k (12)

and the weights are unchanged in this step.

3.3.2. Filtering step for the EnKF. Sample mean x̂kjk�1 and sample covariance matrix V̂ kjk�1 are
computed as follows:

x̂kjk�1 ¼ 1
N

XN
i¼1

x
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kjk�1 (13)

V̂kjk�1 ¼ 1
N � 1
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x
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�
x
ðiÞ
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(14)

The filtered ensemble is obtained through the updated equation of the usual Kalman filtering,
namely,

Kk ¼ V̂kjk�1H
T
k ðHkV̂kjk�1H

T
k þ RkÞ�1 (15)

x
ðiÞ
kjk ¼ x
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k
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where «
ðiÞ
k

n oN

i¼1
is an i.i.d., independent and identically distributed, sample set of Equation (8b). As

mentioned above, the weight set is not required because particles still have an equal weight after the
calculation of the filtered ensemble in the EnKF.

3.3.3. Filtering step for the PF. We obtain an approximation of the filtered distribution, p(xk|y1 : k),

from the ensemble of the predicted distribution, p(xk|y1 : k� 1), and observation yk using the Bayes’
theorem, namely,

p xkjy1:kð Þ ¼ pðxkjy1:k�1ÞpðykjxkÞR
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where si is defined as

si ¼
p
�
ykjxðiÞkjk�1

�
P
j
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� �
wðjÞ
k�1

(18)

and is calculated in the following manner in the case of linear observations:
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Each weight wðiÞ
k is the product of si and the previous time weight, wðiÞ

k�1, namely,

wðiÞ
k ¼ siw

ðiÞ
k�1 (20)

The sampling importance resampling (SIR) algorithm, one of the PF procedures, proceeds in the
following steps:

1) Initialization:

Draw a sample of size N from the prior density at the initial time and define the sample set as x
ðiÞ
0j0

n o
.

2) Preliminaries:

Assume that x
ðiÞ
k�1jk�1

n o
is a population of N particles, approximately distributed as in an independent

sample from p(xk� 1|y1 : k� 1).

3) Prediction:

Sample N values, vðiÞk , from the distribution of vk. Use these to generate a new population of particles,

x
ðiÞ
kjk�1

n o
, via Equation (17).

4) Filtering:

Assign a weight si to each x
ðiÞ
kjk�1. This weight is calculated by Equation (18).

5) Resampling:

Resample N times with replacement from the set of particles x
ðiÞ
kjk�1

n o
, which is obtained in the filtering

stage, with the probability proportional to si. The set of determined particles, x
ðiÞ
kjk

n o
, results in an

ensemble approximation of p(xk|y1 : k).

In this procedure, weight set wðiÞ
k

n o
is not required because the resampling flattens the weight

difference among the particles and resets it to 1
N.

On the other hand, filtering via sequential importance sampling (SIS) [35, 36] preserves the weight

set wðiÞ
k

n o
and calculateswðiÞ

k by Equation (20) instead of by resampling. Initial weightwðiÞ
0 is usually set

to 1
N, see Figure 3.
Figure 3. Computational procedure of the particle filter with sequential importance sampling.
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To identify the elasto-plastic material properties of geomaterials, the PF without resampling, that is,
SIS, is adopted as the preferable tool for analyzing numerical examples. This is because, within the
framework of the EnKF, Equation (16) adjusts the state vector consisting of the displacement, the
pore pressure, and the parameters to be identified based on each observation, and then, the resultant
stiffness matrix constructed by the resampled displacement and pre-pressure leads to numerical
predictions with less accuracy.

Prior to the filtering, a sufficient number of samples for a set of parameters to be identified is
scattered over the prescribed range so as to cover their possible values, and its weighted average is
the initial value of each parameter for identification. Numerical simulations are carried out using
each sample, and the computed quantity corresponding to the measured one is incorporated into the
evaluation of likelihood at each step of the observation. However, an iterative method seeking the
minimum or the maximum of a nonlinear objective function is not necessary.
4. NUMERICAL ANALYSES FOR SOIL–WATER COUPLED PROBLEMS

4.1. Soil element tests

As the first example, to examine the numerical accuracy of the computational procedure described in
the previous sections, hypothetical drained and undrained soil element tests are analyzed under plane
strain conditions, as can be seen in the schematic description in Figure 4. Soil tests were
numerically carried out by a synthetic soil–water FEM using the set of parameters listed in Table III,
assuming a clayey specimen with a plasticity index of around 30. Compression index l, swelling
index k, critical state parameter M, and initial mean effective stress p00, among the Cam-clay
parameters, are identified based on the vertical displacement measurements at the top of the
specimen, dy, during the loading process shown in Figure 5. System noise is assumed to be zero
throughout the subsequent problems.
Applied load  Δq

y

x

Soil element

δ y

Figure 4. Schematic illustration of the soil tests.

Table III. Parameters of the Cam-clay model used in analyzing the soil tests.

n l k e0 M K0 p00 (kPa)

0.333 0.225 0.083 1.087 1.103 1.00 98.0

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
DOI: 10.1002/nag



A. MURAKAMI ET AL.
Table IV describes the range in parameters in which particles are generated using uniform random
numbers. This set of parameters, except for the initial stress, corresponds to that of clayey soil with a
plasticity index of 10 to 50. Table V classifies the 15 cases to be analyzed, where more numbers of
particles are adopted for more numbers of unknowns, and the diagonal terms of the error covariance
matrix are assumed as the following term with parameter a:

Rij ¼ aSmaxð Þ2dij (21)
0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

: Undrained test

: Drained test 

C.S.
L

p'/p0'

q/
p 0'

Figure 5. Effective stress paths during the drained and undrained shear tests.

Table IV. Range in particle generation.

Parameter Range in particle generation

l 0.085≦ l≦ 0.435
k 0.016≦ k≦ 0.208
M 0.912≦M≦ 1.429
p00 (kPa) 60.0≦ p00 ≦ 140.0

Table V. Cases to be analyzed.

Parameters to be identified Number of particles a (%)

Case 1 l 300 30.0
Case 2 k
Case 3 Μ
Case 4 p00
Case 5 l, k 600
Case 6 l, Μ
Case 7 l, p00
Case 8 k, M
Case 9 k, p00
Case 10 M, p00
Case 11 l, k, M 1200
Case 12 l, k, p00
Case 13 l, M, p00
Case 14 k, M, p00
Case 15 l, k, M, p00 2400

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
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where Rij is the error covariance matrix for the observation, Smax is the presumed maximum settlement,
dij is Kronecker’s delta, and a is assumed to be 30% in all cases.

Tables VI and VII list the identified parameters for each case in Table V at the end of the
observations for the undrained and the drained element tests, respectively, and Figures 6 and 7 show
the identification process of the parameters corresponding to Tables VI and VII, respectively, where
the identified parameters at each time step are obtained by the weighted average of the samples. It is
revealed from Figure 6 that for almost all the cases of the undrained tests, except for Case 15, which
includes four unknown parameters, the identification of one or two unknown parameters is provided
with high accuracy. From Figure 7, on the other hand, the numerical results of Cases 15 and 14,
including three unknown parameters for the drained tests, are less accurate than those for the
undrained tests. The stress path of the undrained shear has the shape of a nonlinear curve and
expresses the yielding surface well, as shown in Figure 5, whereas that of the drained shear is a
simple linear line. Namely, the undrained stress path is more informative for the shape of the
yielding surface, and consequently, the elasto-plastic parameters are easier to be identified in the
undrained shear than in the drained shear. However, there are some difficulties in obtaining
Table VII. Identified parameters for the drained tests.

l k Μ p00 (kPa)

Correct 0.225 0.083 1.103 98.0
Case 1 0.225 — — —
Case 2 — 0.089 — —
Case 3 — — 1.105 —
Case 4 — — — 98.1
Case 5 0.222 0.097 — —
Case 6 0.233 — 1.155 —
Case 7 0.262 — — 117.6
Case 8 — 0.086 1.100 —
Case 9 — 0.085 — 98.4
Case 10 — — 1.212 91.5
Case 11 0.250 0.115 1.257 —
Case 12 0.263 0.105 — 117.9
Case 13 0.271 — 1.209 115.2
Case 14 — 0.093 1.161 94.6
Case 15 0.279 0.116 1.247 114.9

Table VI. Identified parameters for the undrained tests.

l k Μ p00 (kPa)

Correct 0.225 0.083 1.103 98.0
Case 1 0.226 — — —
Case 2 — 0.085 — —
Case 3 — — 1.104 -
Case 4 — — — 98.0
Case 5 0.222 0.080 — —
Case 6 0.248 — 1.105 —
Case 7 0.276 — — 101.9
Case 8 — 0.086 1.088 -
Case 9 — 0.084 — 98.2
Case 10 — — 1.114 98.2
Case 11 0.311 0.084 1.200 —
Case 12 0.264 0.085 — 99.3
Case 13 0.303 — 1.144 101.6
Case 14 — 0.086 1.132 96.2
Case 15 0.302 0.084 1.132 101.6
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Figure 7. Identification of parameters for drained tests.

A. MURAKAMI ET AL.
solutions with high accuracy in the case of four unknown parameters irrespective of whether the tests
are undrained or drained within a given number of particles, observation, and error covariance.

4.2. Soil deposit under embankment loading

We also examine the performance of the PF with FEM for the hypothetical soil deposit under
continuous embankment loading. Figure 8 presents a description of the problem under consideration,
the finite element mesh, and the boundary conditions used in the analysis. The embankment is
assumed to be constructed according to the schedule in Figure 9 on a foundation ground, which
consists of a homogeneous clay layer; its parameters for the Cam-clay model are listed in
Table VIII. At the points depicted in Figure 10, the measurements of the settlement are synthetically
simulated based on the soil–water coupled FEM computation and seeded by random numbers of 5%
white noise of the maximum measurement for Case 1 as seen in Figure 11.
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Table VIII. Parameters of the Cam-clay model for embankment foundation.

n l k e0 Μ K0 p00 (kPa) kv0 (m/day) lk

0.333 0.330 0.143 1.372 0.990 1.00 150.0 6.05� 10-4 0.928
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-20

-16

-12

-8

-4

0

4

(Settlement gauge)
: Observation point

Y
 (
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Figure 10. Allocation of devices for settlement measurement.

DATA ASSIMILATION USING THE PARTICLE FILTER IN GEOMECHANICS
Table IX describes six cases of three unknown parameters to be identified among the quantities
listed in Table VIII under the same level of error covariance, a, of 30%, as shown in Table V,
where 2000 particles are generated and fall within the range for each unknown in Table X based on
uniform random numbers.

Table XI lists the identified parameters during the 1,000 days of observation. The identification
process over the elapsed time in Figure 12 reveals that the permeability can easily be identified,
whereas the initial stress can hardly be identified. The identification process over the elapsed time in
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
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Table IX. Cases to be identified.

Parameters to be identified Number of particles a (%)

Case 1 l, k, k 2000 30.0
Case 2 l, Μ, k
Case 3 l, p00, k
Case 4 k, M, k
Case 5 k, p00, k
Case 6 Μ, p00, k

Table X. Range in particle generation.

Parameter Range in particle generation

l 0.155≦ l≦ 0.435
k 0.047≦ k≦ 0.208
M 0.912≦M≦ 1.220
p00(kPa) 100.0≦ p00 ≦ 180.0
kv0 (m/day) 1.0� 10-1≦ kv00 ≦ 1.00� 10-7

Table XI. Identified parameters for the soil deposit.

l k Μ p00 (kPa) kv0 (m/day)

Correct 0.330 0.143 0.990 150.0 6.05� 10-4

Case 1 0.328 0.147 — — 6.08� 10-4

Case 2 0.306 — 1.000 — 6.50� 10-4

Case 3 0.310 — — 143.1 6.36� 10-4

Case 4 — 0.131 1.000 — 7.04� 10-4

Case 5 — 0.138 — 133.6 6.15� 10-4

Case 6 — — 1.066 131.0 6.15� 10-4

A. MURAKAMI ET AL.
Figure 12 reveals that the permeability can easily be identified, whereas the initial stress can hardly be
identified. Permeability can easily be identified in comparison with other parameters because it relates
to the settlement rate. Figure 13 compares the identification of the parameters for Case 1 between
seeded with or without a random noise of 5% to examine the effect of the measurement noise. From
a practical viewpoint, the PF is a robust tool, which is advantageous in identifying the parameters
for contaminant measurements with noise.

Figure 14 depicts the distribution of weight for each unknown parameter in Case 1 at different time
stages, namely, compression index, swelling index, and permeability. It can be seen from Figure 14
that the weight for the permeability approximately follows the normal distribution around the
prescribed value producing the hypothetical observation and that for the compression index and the
swelling index has a similar distribution, which is not sharply shaped around the prescribed one. It
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
DOI: 10.1002/nag



0.20

0.25

0.30

0.35

0.40

Correct value

: Case-1
: Case-2
: Case-3

0 200 400 600 800 1000

Elapsed time (day)

0 200 400 600 800 1000

Elapsed time (day)

0 200 400 600 800 1000

Elapsed time (day)

0 200 400 600 800 1000

Elapsed time (day)

C
om

pr
es

si
on

 in
de

x,
 λ

0.10

0.12

0.14

0.16

0.18

Correct value

: Case-1
: Case-4
: Case-5

Sw
el

lin
g 

in
de

x,
κ

0.8

0.9

1.0

1.1

1.2

Correct value

C
ri

tic
al

 s
ta

te
 p

ar
am

et
er

, Μ

: Case-2
: Case-4
: Case-6

10-1

10-2

10-3

10-4

10-5

Correct value

: Case-4
: Case-5
: Case-6

Pe
rm

ea
bi

lit
y,

 k
 (

m
/d

ay
) : Case-1

: Case-2
: Case-3

0 200 400 600 800 1000
100

120

140

160

180

Correct value

 : Case-3
 : Case-5
 : Case-6

Elapsed time (day)

E
ff

ec
tiv

e 
m

ea
n 

st
re

ss
, p

0'

Figure 12. Identification of parameters for soil deposit.
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A. MURAKAMI ET AL.
can be seen from Figure 14 that the weight for the permeability approximately follows the normal
distribution around the prescribed value producing the hypothetical observation and that for the
compression index and the swelling index have a similar distribution, which is mildly convex
around the prescribed one. These resultant weight distributions have a unimodal shape with one
peak and lead to a more highly accurate identification.
5. APPLICATION OF THE PF TO GEOTECHNICAL PRACTICES

This chapter presents an example application of the PF to the actual settlement prediction of a well-
documented geotechnical construction project, Kobe Airport Island. First, the geotechnical
parameters of the actual ground are identified using the methodology presented in the previous
chapter. Then, by comparing the recomputed simulation, using the identified parameters, with the
observation data, the practical effectiveness of the methodology based on the PF is discussed. Some
outcomes obtained from this application have been reported in Ref. [37].
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Figure 14. Distribution of weight for each unknown parameter at different time stages.

DATA ASSIMILATION USING THE PARTICLE FILTER IN GEOMECHANICS
Kobe Airport was constructed on an artificially reclaimed island just off the coast of Kobe City,
Japan. Figure 15 shows the cross section of the construction site. Vertical sand drains were installed
in the soft clay layer to accelerate the settlement and to increase the strength (e.g., [38, 39]).

The construction site is located on a soft marine clay deposit; therefore, several instruments were
placed around the site to monitor the settlement and the lateral displacement of the seawall and the
foundation ground. These instruments included inclinometers at the toe of the seawall, settlement
plates and earth pressure gauges on the seabed, and pore pressure meters on each soil layer. The
cross section of the site and the placement of the instruments are shown in Figures 15 and 16,
respectively.

A soil–water coupled finite element analysis, with the Cam-clay model, was adopted for analyzing
the deformation behavior of the seawall and the foundation subjected to the construction and
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DOI: 10.1002/nag



0.04 0.08 0.12 0.16 0.20
0.00

0.02

0.04

0.06

0.08

T = 50day  T = 100day  

T = 150day  

Swelling index, κ
0.04 0.08 0.12 0.16 0.20

Swelling index, κ

0.04 0.08 0.12 0.16 0.20
Swelling index, κ

W
ei

gh
t

0.00

0.02

0.04

0.06

0.08

W
ei

gh
t

T = 300day  

0.04 0.08 0.12 0.16 0.20
Swelling index, κ

0.00

0.02

0.04

0.06

0.08

W
ei

gh
t

0.00

0.02

0.04

0.06

0.08

W
ei

gh
t

0.04 0.08 0.12 0.16 0.20
0.00

0.02

0.04

0.06

0.08

T = 200day  T = 250day  

Swelling index, κ
0.04 0.08 0.12 0.16 0.20

Swelling index, κ

W
ei

gh
t

0.00

0.02

0.04

0.06

0.08
W

ei
gh

t

(b) Swelling index 

Figure 14. Continued

A. MURAKAMI ET AL.
reclamation work. Figure 17 shows the finite element mesh used in this analysis. In the model ground,
the top surface, the bottom surface, and the sides of the sand/gravel layers were assumed to have
permeable boundary conditions, whereas the sides of the clay layers were assumed to have
impermeable boundary conditions. The sand layers and the reclaimed ground were assumed to be
linear elastic, and the clay foundations were represented by the Cam-clay model.

The mass permeability concept, which was proposed by [40], was incorporated into this analysis.
Mass permeability is the permeability representative of a clay foundation, which includes the effects
of inhomogeneity, partial drainage, and load intensity. We also adopted the concept in the same
sense. The analysis in this chapter focuses on the settlement behavior of only the improved alluvial
clay foundation because the soil layers, which are just below the improved ground, called Ds1-Ds3,
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2012)
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Figure 14. Continued

DATA ASSIMILATION USING THE PARTICLE FILTER IN GEOMECHANICS
are thick, have high rigidity (the N-value obtained from SPT is more than 100), and do not significantly
affect the settlement of the island.

First, we considered the improved ground to be homogeneous by incorporating the mass
permeability concept. Then, using the PF, some parameters of the treated ground, the mass
parameters, were identified to simulate the settlement of the ground under the airport island.
Although some of the parameters listed in Table XII affect the settlement of the ground,
compression index l and permeability k were treated as the only parameters to be identified. This is
because these two parameters directly govern the consolidation behavior of clay grounds. Finally,
the simulations were implemented using the identified mass parameters, and the observation data
were compared to evaluate the practical usability of the PF.
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Table XII. Parameters of the foundation ground for finite element model (modified from Ref. [31]).

Soil layer n l k ei Μ k (m/day) lk Ki OCR

AC1 0.300 0.304 0.098 2.473 1.187 5.17� 10-4 0.304 0.868 1.46
(5.38� 10-2) (1.000) (1.00)

AC2 0.300 0.313 0.113 2.150 1.117 2.00� 10-4 0.313 0.790 1.41
(2.06� 10-2) (1.000) (1.00)

AC3-1(1) 0.300 0.339 0.115 2.037 1.157 1.43� 10-4 0.339 0.773 1.36
(1.45� 10-2) (1.000) (1.00)

AC3-1(2) 0.300 0.321 0.094 1.851 1.239 1.06� 10-4 0.321 0.750 1.33
(1.05� 10-2) (1.000) (1.00)

AC3-2(1) 0.300 0.365 0.124 1.924 1.157 9.42� 10-5 0.365 0.729 1.20
(8.44� 10-2) (1.000) (1.00)

AC3-2(2) 0.300 0.378 0.152 1.975 1.044 7.98� 10-5 0.378 0.746 1.19
(7.07� 10-2) (1.000) (1.00)

AC3-2(3) 0.300 0.387 0.123 1.876 1.191 7.42� 10-5 0.387 0.719 1.19
(6.55� 10-2) (1.000) (1.00)

ASC 0.300 0.239 0.077 1.350 1.183 3.48� 10-5 0.239 0.780 1.59
DS1 0.300 E= 14 000 kN/m2 8.64� 10-1 — — —
DS2 0.300 E= 63 000 kN/m2 8.64� 10-1 — — —
DS3 0.300 E= 28 000 kN/m2 8.64� 10-1 — — —
MA12U 0.300 0.300 0.113 1.359 1.091 2.42� 10-5 0.300 0.813 1.48
MA12M 0.300 0.256 0.085 1.158 1.170 2.91� 10-5 0.256 0.737 1.28
MA12L 0.300 0.295 0.113 1.251 1.083 1.64� 10-5 0.259 0.816 1.50
DS4 0.300 E = 1 000 000 kN/m2 4.32� 10-1 — — —

DATA ASSIMILATION USING THE PARTICLE FILTER IN GEOMECHANICS
The representative parameters of the improved grounds, referred to as mass parameters (Pmass) in
this study, are determined here with Equation (22) for simplicity.

Pmass ¼ P1h1 þ P2h3 þ⋯þ Pnhn
h1 þ h2 þ⋯þ hn

(22)

where Pi, hi (i = 1,2,���,n), and n are the parameters, the thickness of each layer, and the number of soil
layers, respectively.

We conducted Monte Carlo simulations with 200 particles over the feasible space listed in
Table XIII. Each parameter was assumed to follow uniform randomness and was generated
independently. All 200 simulations were conducted up to 676 days after the construction was
started. Only the settlement values observed on the seabed (3BC-2, 3BC-4, and KC-5) were used for
parameter identification.

Figure 18 shows the time evolution of the identified parameters. As seen in Figure 18(a), estimates
for l hardly change throughout the assimilation. In particular, after the 300th day, the path changes
dramatically. On the other hand, in the results shown in Figure 18(b) for k, the identified parameter
shows an almost constant value throughout the assimilation.

The simulation results for the time-settlement relationship at observation points 3BC-2 and 3BC-4,
which were placed on the seabed, via the identified parameters, are shown in Figure 19(a) and (b),
respectively. The identified parameters mean the values at the end of the identification process, that
is, t= 456 days. In the figures, the dotted line represents the results of the direct analysis using the
geotechnical parameters listed in Table XII. Although the results of the direct analysis underestimate
the observation data, the simulations using the identified parameters (DA) yielded predictions with
high accuracy.
Table XIII. Range in particle generation.

Parameter Range in particle generation

l 0.30≦ l≦ 0.60
k (m/day) 1� 10-0≦ k≦ 1� 10-3
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Figure 18. Time evolution of identified parameters.
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Figure 19. Simulation results using the identified parameters.
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6. CONCLUSIONS

This paper has introduced a computational procedure for data assimilation using the PF in conjunction
with a soil–water coupled FEM to identify a set of parameters for the elasto-plastic constitutive model
for geomaterials based on measurements. The stiffness equation for a soil–water coupled FEM,
incorporating the Cam-clay model, corresponds to the state equation of the PF, and the observation
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equation denotes the location of the measurements among the FEM nodes. The SIS, one of the PF
procedures without resampling, is adopted for identification in elasto-plastic problems.

To examine the validity of the proposed procedure, the SIS with a soil–water coupled FEM is
applied to synthetic observed data for the settlement in hypothetical soil element tests and to the soil
deposit under embankment loading which is generated by a synthetic FEM using the prescribed
values for a couple of parameters to be known a priori in the data assimilation. For both cases, the
identified parameters are in good agreement with the prescribed values used in the prior FEM
computation for generating the synthetic measurements irrespective of the artificial measurement error.

The PF has also been applied to the actual settlement predictions of Kobe Airport Island, and the
effectiveness has been discussed comparing the assimilation results and the corresponding
observation data. Application of the PF to practical problems can include several technical issues,
which arise from computational costs and the lack of observation data. To tackle the above issues,
the mass permeability concept was incorporated in the assimilation, and the representative
parameters of the treated ground by sand drains, the so-called mass parameter, were identified. The
simulation results using the identified parameters agreed well the actual observation data, and they
suggest that the DA using the PF is a highly effective approach for geotechnical analysis.

It appears that sequential data assimilation techniques, such as the particle filter, are the preferable
tools that can provide estimates of the state variables, that is, deformation, pore pressure, and
unknown parameters, for the constitutive model in geotechnical practice.
APPENDIX A: GOVERNING EQUATIONS FOR SOIL-WATER COUPLED PROBLEM

a) Continuous equilibrium equation

Z
V
div _St dV ¼ 0; _St ¼ _Tþ trDð ÞT� TLT (A:1)

where _St is the nominal stress rate , T is the total Cauchy stress, _T is the Cauchy stress rate, L is the
velocity gradient, D is the stretching, and V is the domain. Equation (A.1) is written in the following
local form because of the arbitrariness of the domain:

div _St ¼ 0; _St ¼ _T þ trDð ÞT� TLT (A:2)

b) Effective stress concept

T ¼ T
0 � pwI (A:3)

where T0 is the effective stress, pw is the pore water pressure, and I is the unit tensor.

c) Constitutive equation

T
0

∘

¼ L D½ � (A:4)

where T
0∘
is the Jaumann rate of the effective stress in the form of

T 0∘ ¼ _T 0 �WTþ TW (A:5)

where _T
0
is the effective Cauchy stress rate and W is the spin tensor.

d) Continuity condition of soil–water coupled problems

trDþ divvw ¼ 0 (A:6)

where vw is the average velocity of the pore water and the above equation is derived under the assump-
tion that the skeleton grains and the pore fluid are incompressible.
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e) Darcy’s law

vw ¼ �k gradhw (A:7)

where k is the permeability and hw is the total head.

f) Boundary conditions

_Stn ¼ �_st on Γt
v ¼ �v on Γv
�q ¼ �vw�n on Γq

hw ¼ �hw on Γh

(A:8)

where n is the unit normal vector at the boundary, �_st is the boundary value of the traction, v is the
velocity, �v is the boundary value of the velocity, �q is the discharge per unit area with units of length
per time, �hw is the boundary head, �vw is the boundary velocity of the pore water, Γt is the stress
boundary, Γv is the velocity boundary, Γq is the discharge boundary, and Γh is the hydraulic boundary.

g) Initial conditions

T
0 ¼ T

0 jt¼0 in V
hw ¼ hwjt¼0 in V

(A:9)
APPENDIX B: FINITE ELEMENT FORMULATION OF GOVERNING EQUATIONS FOR SOIL–
WATER COUPLED PROBLEMS

The governing equations of Equations (A.2) and (A.6) are the rate-type equilibrium equation and the
conservation equation of the pore water, respectively. These equations are solved with respect to the
deformation velocity and the hydraulic head with FEM. The finite element formulation under the plane
strain condition for the soil–water coupled analysis in this paper is based on the procedure of Ref. [32].

The 8-node and 4-node iso-parametric quadrilateral elements are adopted for the discretization of
Equation (A.2) and (A.6), respectively. The deformation velocity and the hydraulic head on an element
are approximated into the following functions.

v ¼ N½ �vi ; hw ¼ Nh½ �hi (A:10)

where N½ � and Nh½ �denote shape function matrices and vi and hi are the vectors of the variables (the
deformation velocity and the hydraulic head) at the nodal points surrounding the ith element. Differen-
tiating the first equality in Equation (A.10), the deformation gradient and the stretching tensors are
derived. These tensors are shrunk into vectors, as shown below, just for the matrix-based finite element
formulation;

fDg ¼ ðD11;D22;2D12ÞT ¼ B½ �vi (A:11)

fLg ¼ ðL11;L22;L12;L21ÞT ¼ M½ �vi (A:12)

where the braces denotes the shrinkage of tensors, and ½B� and ½M � are the matrices including the
derived shape functions, which produces the shrunk tensors of the deformation gradient and the
stretching from the deformation velocity vi on an element. Employing the Galerkin method, the follow-
ing equation is obtained by integrating the governing equations on the ith element:
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Z
Vi

div
�
St

� ��dvdV ¼ 0 (A:13)

Z
Vi
ðtrDþ divvwÞ�dhwdV ¼ 0 (A:14)

where Vi, dv ¼ N½ �dvið Þ and dhw ¼ Nh½ �dhi� �
denote the domain of the ith element, the test functions or

the virtual variables for the equilibrium equation and the conservation equation of the pore water,
respectively. The superscript i denotes the ith element hereafter in this appendix. The application of
the divergence theorem of Gauss reduces Equations (A.13) and (A.14) into as follows:

Z
Γit

_
s�t�dvds�

Z
Vi

�
St �dLdV ¼ 0 (A:15)

Z
Vi
ðtrDÞdhw dV þ

Z
Γiq

�qdhwds�
Z

Vi
vw�graddhw dV ¼ 0 (A:16)

wheredL is defined as graddv. The nominal stress rate tensor
�
S

0
t in Equation (A.15) is rewritten into the

following form with the principle of the effective stress, which has been shown by Equation (A.3).

�
St ¼ �

S 0
t � pw ðtrDÞI � LT

	 
� _pwI (A:17)

where the nominal rate tensor of effective stress
�
S

0
t is defined as follows:

�
S

0
t ¼ T

0
∘

þT
0
trDþWT

0 � T
0
W� T

0
LT ¼ T

0
∘

þT
0
trD� ðDT

0 þ T
0
DÞ þ LT

0
(A:18)

T
0

∘

¼ �
T

0 �WT
0 þ T

0
W (A:19)

Substituting Equation (A.18) into Equation (A.15), the following equation can be obtained:

R
Vi T

0∘ �dDþ ðtrDÞT 0�dD� DT
0 þ T

0
D

� ��dD
þLT

0�dL� pwðtrDÞI�dDþ pwL
T �dL� _pwI�dDdV ¼ R

Γit

_
s�t�dvds

(A:20)

where dD (fdDg ¼ ½B�dvi) is defined as ðdLþ dLTÞ=2, the symmetric part of dL (fdLg ¼ ½M�dvi).
With the Equations (A.10)–(A.12), Equation (A.20) is reduced to the following form:

R
Vi ½B�T ½C�½B� þ ½B�T ½T ��½Bv�� ½B�T ½T ���½B� þ ½M �T ½T ����½M �� ½Bv�Tpw½Bv� þ ½M �T ½P��½M�dV	 


vi

�R
Vi ½Bv�T _pwdV ¼ R

Γit
½N �T

_
s�tds

(A:21)

where ½C � denotes the elasto-plastic stiffness matrix derived from Equation (9), and ½Bv� is a matrix,
which satisfies trD ¼ ½Bv�vi . The detailed form of ½T ��, ½T���, ½T ����, and ½P�� are listed at the end
of this appendix. Letting the unit weight of water be gw and the elevation head be z, _pw is described
as gw _h� gw _z. Therefore, Equation (A.21) can be rewritten into as follows:
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R
Vi ½B�T ½C �½B � þ ½B �T T�½ �½Bv�� ½B�T T��½ �½B � þ ½M �T T ���½ �½M �� Bv½ �Tpw Bv½ � þ ½M�T P�½ �½M�dV	 


vi

�R
Vi ½Bv�T ½Nh�dVðgw _h

iÞ þ R
Vi ½Bv�T ½G �dV vi ¼ R

Γit
½N �T�_stds

(A:22)

where ½G� is a matrix, which satisfies gw _z ¼ ½G �vi
With the aid of the Darcy’s law shown in Equation (A.7), Equation (A.16) is also discretized into as

follows:

Z
Vi
½Nh�T ½Bv�dV vi þ

Z
Γiq

½Nh�T�qdsþ
Z

Vi
½Bh�T ½k�½Bh�dVðgwhiÞ ¼ 0 (A:23)

where ½Bh� is a matrix, which satisfies gradhw ¼ ½Bh�hi and ½k� is a two-dimensional diagonal matrix of
diag(k/gw, k/gw). Letting the increment of the nodal displacement vector beΔui and the time step inter-

val be Δt,
�
h
i
and vi is approximated as

�
h
i ¼ hijtþΔt � hijt

� �
=Δt and Δui=Δt. With these relationships,

Equations (A.22) and (A.23) can be reduced to

½K i�Δui � ½K i
v�TðgwhijtþΔtÞ ¼ ΔFi � ½K i

v�TðgwhijtÞ (A:24a)

�½K i
v�Δui � ð1� θÞΔt½K i

h�ðgwhijtþΔtÞ ¼ ΔQi þ θΔt½K i
h�ðgwhijtÞ (A:24b)

K i
� � ¼ R

Vi ½B �T ½C �½B � þ ½B �T T �½ �½Bv� � ½B �T T��½ �½B � þ ½M �T T���½ �½M � � Bv½ �Tpw Bv½ �
þ½M �T P �½ �½M � þ ½B v�T ½G �dV ; K i

v

� � ¼ R
Vi Nh½ �T Bv½ �dV ; K i

h

� � ¼ R
Vi Bh½ �T ½k� Bh½ �dV

(A:24c)

where θ (0⩽ θ⩽ 1) is the time-varying coefficient. In assembling Equation (A.24) for each element
into a global system of equations for all nodal variables, the matrix form of the global equations is
obtained as follows;

K½ � � Kv½ �T
� Kv½ � �Δt 1� θð Þ Kh½ �

 �
Δu

gwhjtþΔt

� �
¼ ΔF� Kv½ �Tgwhjt

ΔQþ Δtθ Kh½ �gwhjt

� �
(A:25)

where ½K �, ½Kv�, ½Kh�, Δu, h, ΔF and ΔQ are assembled global matrices or vectors from ½K i�, ½K i
v�, ½K i

h�,
Δui, hi, ΔFi and ΔQi, respectively.

T�½ � ¼
T

0
11

T
0
22

T
0
12

2
4

3
5; T ��½ � ¼

2T
0
11 0 T

0
12

0 2T
0
22 T

0
12

T
0
12 T

0
12 ðT 0

11 þ T
0
22Þ=2

2
4

3
5; T���½ � ¼

T
0
11 0 T

0
12 0

0 T
0
22 0 T

0
12

T
0
12 0 T

0
22 0

0 T
0
12 0 T

0
11

2
664

3
775

(A:26)

P�½ � ¼
pw 0 0 0
0 pw 0 0
0 0 0 pw
0 0 pw 0

2
664

3
775 (A:27)
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