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Abstract In order to study the effects of the rolling friction
of the particles on granular packing, we present a detailed
analysis of circular disk assemblies with the rolling fric-
tion under macroscopic one-dimensional compression. The
rolling friction of the particles produces a resisting moment
to the rolling at each contact. A series of 2-D DEM simula-
tions are performed with various values for the rolling friction
parameter. We focus on several macroscopic and microstruc-
tural properties of granular media and analyze them as a func-
tions of the rolling friction. From these results, we show that
the rolling resistance, which results from the rolling friction
of the particles, contributes to the inhibition of the rearrange-
ment of the particles and increases the magnitude of the fabric
anisotropy under packing. In addition, from both microscopic
and macroscopic points of view, we describe that the stress
state in a granular packing can vary considerably depending
on the rolling resistance.

Keywords Granular packing · Rolling friction ·
Force transmission · Anisotropy

1 Introduction

The dense packing of granular materials has been the
focus of intense research from both numerical and experi-
mental approaches in physics, engineering and other areas
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of research for decades [1–9]. Even today, however, this
research topic continues to perplex physicists and engineers.
It is especially important to obtain a comprehensive under-
standing of the properties of the initial packing, which depend
on the packing conditions, because these properties are essen-
tial to the rheology of granular media.

It should be noted that such particles, consisting of granu-
lar materials, are used in many industrial fields and often have
irregular shapes. Even if a particle is almost spherical in form,
its surface has irregularities or asperities. Due to the features
of these particles, rolling at the contacts between the particles
can be resisted. Previous experimental and numerical studies
have shown that the particle shape strongly affects the quasi-
static mechanical behavior of granular materials [7–12].
Therefore, it is important to take account of the effects of
the rolling resistance due to particle shape when the pack-
ing properties of granular materials are discussed. However,
while the importance of the rolling resistance under shear is
widely accepted, the effects of the rolling resistance under
packing have not been systematically investigated.

In this paper, the packing of compressible granular assem-
blies with rolling friction is investigated by means of 2-D
DEM [13]. Rolling friction means a mechanical property
which produces a resisting moment to the rolling at each con-
tact. In this study, we employ circular particles to simplify
the investigation process. In order to be able to reproduce the
rolling resistance with circular particles, the rolling friction
model, which introduces a contact law to the particle–particle
contacts, is employed. Then, two-dimensional granular sam-
ples are deposited under gravity and compressed in a rectan-
gular box by vertical pressure. They are analyzed at the steady
state with various values for the rolling friction parameter.

Firstly, we describe that the influence of the rolling resis-
tance on the volume fraction and the average coordina-
tion number. In addition, we investigate the distribution of
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contact angles, which give an indication of the fabric
anisotropy. Next, we focus on the effects of the rolling resis-
tance on the lateral stress response to a vertical stress applied
on the granular system in terms of both macroscopic and
microstructural properties. We employ the coefficient of earth
pressure at rest as the macroscopic parameter. At the same
time, we investigate the angular distribution of normal con-
tact forces from the aspect of the microstructural properties.
The relationship between these two properties of stress trans-
mission is also described. Finally, we show the effect of the
rolling resistance on the homogeneity of the force distribu-
tion in granular media.

The present paper is organized as follows. In Sect. 2, we
firstly describe the numerical method, the system character-
istics, and the loading parameters. Details of the results of the
numerical simulations and discussions are given in Sect. 3.
A summary is presented in Sect. 4.

2 Simulation details

2.1 Rolling friction

Several methods have been proposed to model the rolling
resistance in DEM [7–12,14–17]. One method is to directly
introduce the geometrical effect using non-spherical particles
[7–11] or bonded spherical particles [17]. Another method is
to introduce a model for the rolling resistance at the contact
point of the spherical particles for the simplicity of its evalu-
ation and lower computational costs [12,14–16]. The model
used in this study is the rolling resistance as a function of the
relative rotation and a length parameter is used to represent
the contact area as follows.

Figure 1a illustrates two arbitrarily shaped particles i and j
are compressed by the normal contact force forming a contact
area. We modeled this scenario in two-dimensional DEM
with circular particles introducing a contact diameter a on
the contact plane to characterize the contact area. In actual

Fig. 1 Rolling friction model. a Model of contact area with circular
particles for DEM simulations. b Anti-rolling moment acting on the
particles which rotate

particulate materials, a non-zero contact area may be caused
by contact deformation or by particle shape. In this study,
however, a is simply given as

a = bd, (1)

where b is constant and 0 ≤ b ≤ 1. Contact diameter a is
proportional to particle diameter d regardless of the contact
deformation. When particles i and j have different diameters
(di , d j ), a is determined by the smaller diameter to satisfy
the condition in Eq. (1).

Taking the rolling resistance into account, the angular
velocity ω for a single particle is calculated as

I
∂ω

∂t
=

n∑

1

(M + Mr ), (2)

where n is the coordination number of the particle, I is the
moment of inertia, M is the rolling moment due to the tan-
gential contact force and Mr is the anti-rolling moment as
illustrated in Fig. 1b. The value of Mr is expressed as

Mr = −a fr , (3)

and fr is given in consideration of the relative rotation
between two particles, θr , as follows.

fr = knaθr , (4)

where kn is the normal spring constants. Note that Eq. (3)
asserts that anti-rolling moment Mr always decreases the
magnitude of the angular velocity. In addition, in this model,
we give no threshold to Mr in order not to increase the num-
ber of input parameters. This assumption is different from
other rolling friction models [12,16] which have a threshold
for Mr .

Here, the signs of the relative rotation are obviously differ-
ent between two particles and the degrees of that are equiva-
lent to each other. Therefore, opposite and equal torques act
on these two particles respectively and the angular momen-
tum is conserved.

As described in this subsection, this model requires only
one additional parameter b. Thus, it is easy to obtain the
corresponding relations between the packing properties and
the rolling friction of the particles.

2.2 Packing method

Circular particles are generated in a rectangular box, 200 mm
in width and 160 mm in height (see Fig. 2a). In this genera-
tion process, the position of each particle is chosen randomly
one by one and placed one by one in such a way that there
are no overlaps with the particles which have already been
placed. The granular system consists of 19,186 particles,
which have a particle size distribution of Dmax /Dmin = 3,
Dmax = 1.423 mm, and Dmin = 0.474 mm and a density of
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(a) (b)

(c)

Fig. 2 Packing process for 19,186 granular particles. a Particles are
randomly placed while avoiding overlap with each other in a rectangular
area, 200 mm in width and 160 mm in hight. b Particles are dropped into
the container under the gravity. c The compression process is performed
by applying vertical pressure to the granular system. σv and σh indicate
the stress acting on the top wall and on the lateral wall, respectively

2400 kg/m2. The contact springs are assumed to be linear
and kn /kt = 4 (kn = 4.0 × 107 N/m, kt = 1.0 × 107 N/m),
where kt is the shear spring constants. Rigid walls, whose
contact parameters are identical to those of the particles, are
assumed for the boundaries. The side walls are fixed and do
not move throughout the simulation.

Since the aim of our study is the granular packing in the
quasi-static state, we introduce local non-viscous damping
[15,18] in order to achieve the equilibrium state. According
to the definition of [15,18], the damping-force is added to the
equation of motion. We constrain the damping to be small
enough so as not to have any effect on the results presented in
this paper. The non-dimensional value for the damping coef-
ficient is 0.2. In addition, we make the damping force in such
a way that it has no effect on the gravitational acceleration
of the particles.

In order to study the effect of the rolling friction, different
values for rolling friction coefficient b are used. In the pre-
liminary simulations, we observed no particle rotation due
to compression for b larger than 0.2. For this reason, we use
seven values for b in the range of 0.00–0.15. Moreover, in
order to study the combined effect of the inter-particle fric-
tion and the rolling friction, three values for μ, namely, 0.08,
0.36 and 0.70, are used. Here, the value for μ of realistic
granular materials is up to 1.0. Taking this fact into consider-
ation, we determined the range in the input values for μ. At
contacts between the wall and the particles, the inter-particle
friction and the rolling friction are set to zero for simplicity.

After specimen generation (see Fig. 2a), the material
properties are set for all particles and the simulations are
performed by dropping the particles into the bottom of the
container under gravity (see Fig. 2b). This sedimentation
process is run until the average coordination number and
the volume fraction become constant. The simulations are
run with a time step of 5.0 × 10−7 s.

The granular samples are then subjected to vertical com-
pression by the top wall for stress control (see Fig. 2c). In
this process, the gravity continues to act on the samples. The
default position of the top wall is determined so that the par-
ticle which has the largest height can just come into contact
with the top wall. The constant confining stress acting on the
top wall is 100 kN/m, i.e., the value of σv/kn is 0.0025 and
the value of (mg/D)/σv is about 0.00018, where m is a typical
particle mass, g is the gravity acceleration and D is a typical
particle diameter. These values give the approximate defor-
mation of the grains and the strength of gravity, respectively.
In Fig. 2c, σv indicates the stress acting on the top wall and
σh indicates the stress acting on the lateral wall. The com-
pression process is over when the system reaches a steady
state. We judge this state by the same criterion as that used
in the sedimentation process.

The packing process, described above, is performed with
different rolling friction parameters b and inter-particle fric-
tion coefficients μ. A total of 21 tests are run. Granular sam-
ples are analyzed at the steady state at the completion of the
compression.

3 Results and discussions

3.1 Volume fraction and average coordination number

Firstly, we describe the influence of the rolling resistance on
volume fraction ν. The value for ν is defined by ν = Vp/V,
where Vp is the total volume of the particles and V is the
total volume of the packing. The relationship between vol-
ume fraction ν and rolling friction coefficient b is reported
in Fig. 3. As expected, volume fraction ν decreases with
increases in b for all μ cases. This indicates that the rolling
resistance inhibits the rearrangement of the particles under
packing and that the volume of the voids within the granular
samples increase at the steady state.

Next we discuss average coordination number Z, which is
the average of the contacts per particle in the contact network,
Z = 2M/N, where M is the total number of contacts and N is
the total number of particles in the contact network. Figure 4
shows the relationship between average coordination number
Z and rolling friction coefficient b. From this plot, we can see
that the value for Z consistently decreases as b increases for
all μ cases. It is thought that the decrease in Z for each μ case
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Fig. 3 Volume fraction ν as a function of rolling friction coefficient b
for several fixed values for μ

Fig. 4 Average coordination number Z as a function of rolling friction
coefficient b for several fixed values for μ

is mainly due to the decrease in volume fraction ν resulting
from the rolling resistance.

Additionally, from the analysis in Figs. 3 and 4, for
μ= 0.08, as b increases, ν and Z decreases to plateau val-
ues of about 0.83 and about 3.9, respectively. This means
that the rolling friction has an insignificant influence when
the value for μ is small. In contrast, with a large value for μ,
the rate of decrease in ν and Z is larger in the other μ cases.
That is, as μ increases, the contribution of the rolling fric-
tion to the resisting moment becomes large under packing.
This trend is in agreement with the recent work involving the
investigation of the relative contributions of the inter-particle
friction and the rolling friction under shear [19].

On the other hand, Fig. 5 shows the evolution of ν as a
function of Z . From this plot, we can see that ν increases with

Fig. 5 Volume fraction ν as a function of average coordination number
Z

increases in Z regardless of μ or b. In other words, there is
a universal relation between ν and Z . This relation implies
that the effect of b on ν and Z is almost equivalent to that
of μ under packing. Therefore, it can be concluded that the
restrain effect on the rearrangement under packing depends
on the combination of μ and b.

3.2 Granular fabric

To investigate the granular fabric at the stable state under
compression, the distribution of the contact angles, M(θ ), in
cases where μ= 0.08 and b = 0.02 (�), μ = 0.36 and b = 0.05
(◦), and μ = 0.70 and b = 0.15 (�), is plotted in Fig. 6. In
this polar diagram, contact angle θ ∈ [0, 180), in degrees,
is measured with respect to the horizontal axis in a counter-
clockwise direction. For the cases where μ = 0.08 and b =
0.05, the fabric is nearly isotropic. In fact, regardless of the
b value, this trend is identical if μ = 0.08. This is because
the restrain effect on the rearrangement of the particles is
very small in such cases. In contrast, for other two cases
in Fig. 6, the fabric shows anisotropy. These plots suggests
that the magnitude of the fabric anisotropy increases with
increases in μ and b. Therefore, the fabric anisotropy also
varies depending on the combination of μ and b.

Furthermore, from Fig. 6, we can also see that the direc-
tions of the fabric anisotropy correspond to those of the prin-
cipal stress in this compression system (i.e. the directions of
σv and σh , illustrated as Fig. 2c). In addition, with increasing
μ and b, the contacts between the particles decrease along the
direction of the minor principal stress. From these results, it
can be recognized that the fabric anisotropy under packing,
which results from the particle characteristics, arises along
the direction of the principal stress.
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Fig. 6 Polar diagram of the distribution of the contact angles, M(θ),
in the case of μ = 0.08 and b = 0.02 (open square), μ = 0.36 and
b = 0.05 (open circle), and μ = 0.70 and b = 0.15 (open triangle).
Vertical axis indicates the number of contacts in each contact angle

3.3 Lateral stress response to the vertical stress

Next our investigation is focused on the force transmission in
granular media. We employed the coefficient of earth pres-
sure at rest, K , as the expression for the lateral stress response
to the vertical stress. This parameter is given in the following:

K = σh/σv, (5)

where σh is the lateral stress and σv is the vertical stress,
which are evaluated by the lateral wall and the top wall,
respectively (see Fig. 2c). The value of K indicates a macro-
scopic property of force transmission in granular media.
Figure 7 shows the relationships between K and b. From
this figure, we can see that K decreases with increases in b.
It is clear that the rolling resistance under packing has an
effect on the lateral stress response to the vertical stress. Our
data is consistent with the experimental and the numerical
studies on the effects of inter-particle bonds on the evolution
of horizontal stress under vertical pressure [20]. The rolling
resistance and the cementation at the contacts are similar in
that both of them prevent the rearrangement of particles under
compression.

However, in the case of μ= 0.08, K decreases to plateau
values of about 0.8 in the same way as for ν-b and Z -b. This
is because the effect of the rolling friction is small when μ

is small, as described in Sect. 3.1. That is, for μ = 0.08, the
properties of packing show no significant difference with the
value of b. Moreover, the obtained results for μ = 0.36 are
about the same as those for μ= 70. Therefore, only the case
where μ = 0.36 is addressed in the following discussion.

It should be noted that the value for K is usually used in
geotechnical engineering to estimate the lateral pressure as a

Fig. 7 Coefficient of redirection toward the wall K as a function of
rolling friction coefficient b for several fixed values for μ

function of depth under the ground. In addition, the value for
K is often described as simply being related to the angle of
internal friction of granular materials φ [21,22], whereas the
value for φ is closely related to the rolling resistance [10–12].
Therefore, it is natural to assume that there must be some
correlations between K and b. Indeed, our data suggest that
the value of K is strongly affected by the rolling resistance of
the particles. This observation implies that there is a triadic
correlation between K and φ and b.

In order to investigate the origin of this macroscopic force
transmission, we also study the angular variation in the nor-
mal forces from a microscopic point of view, as shown in
Fig. 8. Contact angle θ ∈ [0, 180), in degrees, is measured
in the same manner as in Fig. 6. In this figure, 180 (deg.) is
divided into 60 bins of 3 (deg.) each and the average nor-
mal force in each bin normalized by the mean normal force,
fn(θ)/〈 fn〉, is plotted against the mean value of that bin for
μ = 0.36. Previous studies have shown that this angular
distribution is well fitted with just one parameter by Fourier
series expressions in sheared granular assemblies [23–26].
According to these studies, our data are fitted by the solid
curves drawn in Fig. 8, described by the following equation:

fn(θ)

〈 fn〉 = 1 − A cos 2θ, θ ∈ [0, 180), (6)

where A is the fitting parameter, which corresponds to the
amplitude of this “wave”-like distribution. In other words,
the value of A is the magnitude of mechanical anisotropy.

From Fig. 8, we can observe that A increases with
increases in b. In other words, the rolling resistance broadens
the angular distribution of the contact forces. Figure 8 also
shows that the contact angle carrying the largest force is 90
(deg.) and that the contact angle carrying the smallest force
is 0 (deg.) in all b cases. This observation suggests that the
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Fig. 8 Angular variation in the normal contact forces in the case of
μ = 0.36 for macroscopic one-dimensional compression

directions of these contact angles coincide with those of the
principal stress in the macroscopic one-dimensional com-
pression system. From this fact, it can be expected that the
amplitude of the mechanical anisotropy contributes strongly
to the value of K , which is defined by σh / σv .

In order to verify the correlation between K and A, we
observed the evolution of K as a function of A, as shown
in Fig. 9. The solid line is a fitting line described by the
following equation:

K = −αA + β, (7)

where both α and β are fitting parameters. The fit of the data
to Eq. (7) shown in Fig. 9 is very good; α = 1.391, β = 0.997
and a coefficient of determination R2 is 0.989. The fitting
line indicates that the value of K is about 1.0 when the mag-
nitude of mechanical anisotropy is zero (i.e. A = 0.0). Here,
it should be noted that we found a clear fitting by Eq. (7) for
the granular systems which have relatively anisotropic fabric
due to the particle characteristics, as described in Sect. 3.2. In
addition, both of the normal contact forces and the tangential
contact forces are active in these granular systems.

When this analysis is applied to the granular system, where
the fabric is isotropic and the tangential contact forces are not
active, the relationship between K and A is derived theoret-
ically from [24] as follows:

K = 1 − 1
2 A

1 + 1
2 A

. (8)

The curve for Eq. (8) is depicted by the dotted line in Fig. 9.
Obviously, we can see that the solid line for Eq. (7) deviates
from the dotted line for Eq. (8). It can be expected that this
deviation is mainly due to the difference of the analysis con-
ditions, i.e., whether the fabric is isotropic or anisotropic, the

Fig. 9 Correlation between A and K with a solid line: K = - α A + β

and with a dotted curve: K = (1-1/2A)(1+1/2A)

tangential contact forces are active or inactive and the rolling
friction of the particles is present or not.

From these macroscopic and microscopic aspects, it is
confirmed that the rolling resistance contributes to the stress
redirection in granular assemblies. On the basis of these
above findings, we can assume that such a difference in stress
states, associated with the rolling resistance, is closely related
to the shear strength.

3.4 Force distribution

Finally, in this section, the influences of the rolling resistance
on the force distribution is addressed. Figure 10 shows the
probability density distribution of normal contact force fn

for μ = 0.36. The normal forces are normalized by the mean
normal force 〈 fn〉. In the inset, a part of function P( fn) for
forces less than 〈 fn〉 is plotted. Function P( fn) decays faster
for large forces (above the mean normal force) than the expo-
nential and has no clear peak around the mean normal force.
Additionaly, the force distributuion has an upturn at very
small forces ( fn / 〈 fn〉 < 0.2). Such trends can also be seen
for μ = 0.70. In contrast, the distributions is less sensitive
with b for μ = 0.08, where the apparent effectiveness of the
rolling resistance cannot be observed.

From the inset in Fig. 10, we can see that the fraction of
the particle–particle contacts with very small forces increases
with an increasing b, even though the coordination number
decreases with an increasing μ. This means that the number
of weakly supported particles, which are often termed “rat-
tlers” or “floaters” [27], increases as a result of the enhanced
interlocking effect between particles due to the rolling resis-
tance. Moreover, from Fig. 10, it can be observed that as
the b increases, the force distribution becomes broad and the
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Fig. 10 P( fn) in the case of μ = 0.36. Normal force fn is normalized
by its mean force 〈 fn〉

slope of the tail becomes smaller; the fraction of contacts
which have large forces also increases. These results show
that the stress distribution in a granular packing is less homo-
geneous in the presence of the rolling friction of the particles.
The evolution of inhomogeneous stress distributions, with an
increase in b, corresponds to the increase in the magnitude
of the mechanical anisotropy, as shown in Fig. 8.

4 Conclusions

We performed a series of 2-D DEM simulations in order to
study the effects of the rolling friction of the particles on
granular packing. As a result of the analysis, we showed
how the rolling resistance, which results from the rolling
friction of each particle, plays a role in granular packings, as
mentioned below.

Firstly, the rolling resistance was shown to influence the
volume fraction and the average coordination number. The
obtained data showed that the rolling resistance inhibits the
rearrangement of the particles under packing, and its inhibi-
tion is almost equivalent to the inhibition effect of the slid-
ing friction. Secondly, we investigate the granular fabric at
the stable state and showed that the magnitude of the fab-
ric anisotropy increases along the directions of the princi-
pal stresses with increases the rolling resistance. Then, we
investigated the lateral stress response to the vertical stress
in granular media from the perspective of both macrome-
chanical and micromechanical properties. We found that the
stress redirection also varies depending on the value of the
rolling friction coefficient, i.e., the rolling resistance reduces
the coefficient of earth pressure at rest and broadens the
angular distribution of contact forces. In addition, it can
be assumed that there are strong correlations between the

rolling resistance and the stress state and the shear strength
of granular materials. Finally, we showed that the probability
density distribution of normal contact forces, P( fn), is also
affected by the rolling resistance. In other words, the pres-
ence of the rolling friction makes the force distribution more
inhomogeneous.

In these above findings, the relationship between the stress
state and the rolling resistance is particularly important. This
is because the stress state is one of the indispensable factors
for evaluating the rheology of granular media. Therefore, it
is necessary to take into account the rolling resistance when
circular or spherical particles are employed in DEM simula-
tions for actually non spherical granular packing.

On the other hand, our findings also imply that the origin
of lithostatic pressure, developed in gravitationally deposited
granular piles, may be related to the particle shape. Note
that lithostatic pressure is a component of confining pressure
derived from the weight of the column of rock above a speci-
fied level. Further investigation should be done on this point.
For example, we plan to analyze the angle of the repose.

It should be noted that many techniques for particle pack-
ing have been proposed in DEM simulations [28,29]. Pre-
vious research works have revealed that different packing
methods have a strong influence on the arrangement of the
particles [30,31]. Our observations reported here are based
on one of them, namely, that particles are generated ran-
domly and dropped under gravity. Therefore, further studies
by means of other packing methods should be also conducted.
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